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MATH2111 HIGHER SEVERAL VARIABLE CALCULUS

1 Curves and Surfaces

TUTORIAL PROBLEMS

[M] — Maple/Gnuplot; [A] — additional/optional problems; [H| — harder problems.

1.1 Curves in R"

1: Sketch the curves (z,y) = (¢,t) and (x,y) =
(t?,t +2) for t € R, and find the two points where
they intersect.

2: Sketch the projections of the following curves onto
the plane z = 0 and onto the plane y = 0.

i) (z,y,2) = (cos2t,sin 2t,sint), t € R.

ii) (x,y,2) = (cost,sint,sin3t), t € R. (Rotate
the image until it looks like the ABC logo).

[M] 3: Sketch the curves in Q2 by the command

spacecurve in Maple; plot3 in Matlab; or splot
in Gnuplot. Rotate the image to see what the curve
looks like from different viewpoints.

4: Find the unit tangent vector to the parametrised
curve r(t) at t = a and write down a parametric
equation for the tangent line to the curve at a.

i) r(t) = 3costi+ 3sintj + 4tk, a = w/4

i) r(t) =ti+t2j+t3k,a=1.
5: Consider the two curves given in parametric form
by r(t) = (t> —t,t2 +t) and r(t) = (t +t2,t — t?) for
teR.

i) Find the two points of intersection of the
curves.

ii) Find the angle between the two curves at each
point of intersection.

iii) Find all points on the curves where the tan-
gent is parallel to 1.

iv) Find all points on the curves where the tan-
gent is parallel to j.

v) For —2 < t < 2, sketch both curves on the
same diagram. Show clearly all the points and
angles you have found.

6: Sketch the curve given parametrically by (z,y) =
(t3,t%), t € R. Show that this parametrisation does
not give a tangent vector for the curve at (0,0). Find
a parametrisation of this curve which does give a tan-
gent vector for the curve at (0, 0).

[A] 7: Suppose that f : R — R3 g : R — R3 and

A: R — R. Prove that

d d dX\
) Son =2 By

o d _df dg
ii) %(f'g)—a'g+f'a-

d d d
iii) %(fxg):d—{xg+fxd—'?.

8: Suppose u, v, w are three differentiable functions
from R to R? such that for every ¢ € R the vectors
u(t), v(t), w(t) form an orthonormal basis in R3.

i) Prove that w/(t) L u(t) and w/(t) - v(¢) =
—u(t) - v'(t) for all ¢t.

ii) Suppose that r(t) = z(t)u(t) + y(t)v(t) +
z(t)w(t) for some three functions z, y, z from
R — R. Show that z(t) = r(t) - u(t) and
y(t) =r(t) -v(t) and z(t) = r(t) - w(t) for all ¢t.

9: A particle moves in a plane such that its position
at time ¢ is given by 7(¢) = (3t2, 3 — 9t).

i) Find all positions at which the velocity of the
particle is perpendicular to its acceleration.

ii) Show that there are no positions where the
velocity of the particle is parallel to its acceler-
ation.

10: i) Show that for a particle moving with ve-
locity v(t), if v(t) - v’(t) = 0 for all ¢ then the
speed v is constant.

ii) A particle of mass m with position vector r(t)
at time ¢ is acted on by a total force

F(t) = Ar(t) x v(t),

where ) is a constant and v(t) is the velocity of
the particle. Show that the speed v of the par-
ticle is constant. (Note that Newton’s second
law of motion in its vector form is F' = ma.)

11: At time ¢ a particle is at position 7(t).

i) Show that
,dr_d (1,
dt — dt \ 2 ’

where r is the distance of the particle from the
origin.
d(v?) 2d2r dr

- P dr
if) Show = adt
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1.2 Surfaces in R?

[M] 12: Use Maple/Gnuplot to plot the following func-
tions f : R? = R.

i) f(z,y) = cos(z + y).

i) f(z.y) = sin(y/27 + 7).
iii) f(z,y) =23 — 2%y.

iv) f(x,y) =zt —22%y.

13: i) Sketch level curves f = +1 for the func-
tions (i) and (ii) of Q12.

ii) Sketch the section of the function (i) of Q12
by the planes v = £7;+7.
iii) Sketch the section of function (ii) of Q12 by

m T

the plane y = ztan6, 0 € (=3, 7).

[M] 14: Sketch the graph of the function f : R? — R
defined by f(z,y) = y> — y — 222, Use the plot3d
command in Maple (or surf in Matlab; or splot of
Gnuplot) to sketch the graph for |z| < 1.2, |y| < 1.5.
Use the Maple command contourplot (or the Mat-
lab command contour; or splot with set contour
in Gnuplot, see help contour in Gnuplot) to look at
some of the contours of f.

[M] 15: Apply the Maple command contourplot (or
the Matlab command contour; or splot with set
contour in Gnuplot, see help contour in Gnuplot)
to the function f(z,y) = z/(1 + 22 + y?) for |z| < 3,
ly| <2 and then use these contours to sketch the sur-
face. (Note that the contours in the Maple sketch are
not labelled with the corresponding values of f, but
by default their colour shades from yellow to red as
the value of f increases.) Use plot3d (or splot of
Gnuplot) to check your sketch.

[M] 16: On separate diagrams, sketch the surfaces in R?
defined by the following equations:

i) 2= a2+ y?

i) 227 = 2% + y%;
i) 2® +y* + 22 = 9;
iv) 22 4+ 9% = 4;

v) 2?2 +y? - 22 =1,
vi) 22 —y? — 22 = 1.

17: For each function of Q16, sketch the sections of
the graph of the function by the planes x = a, y = «
and z = «, where « = —1,0, 1.

TUTORIAL PROBLEMS

18: Consider the region above the cone 22 = 22 442,
z > 0, and inside the sphere 22 + 2 4 22 = 2az, with
a > 0.

i) Sketch the section of this region by the
plane x = 0.

ii) Describe the curve of intersection of these sur-
faces.

iii) What is the projection of the region on the z,y
plane?

19: i) Parametrise the curve of intersection of two
cylinders 22 + y2 =1 and 2% 4 22 = 1.

ii) What is the curve of intersection.

iii) Find the projection of the curve of intersection
onto the plane z = 0.

20: Let

S={(r,y,2) ER*: 2 + > + (2 - 1)* =1}
and
T={(x,y,2) eR3: (z4+1)¥/d=2a4¢% 2> -1}

i) Find the z-coordinates of the points of inter-
section of S and T and sketch the projection
into the xy-plane of the curves of intersection.

ii) Sketch the section of S and T by the
plane x = 0 on the same diagram.

iii) For what values of a do the surfaces 2% +y?+
(z—1)2=1land a(z +1)? =2% +y* (z > —1)
not intersect?

21: Find the projection into the zy-plane of the curve
of intersection of the surfaces 2z = 2 — y? + 2z and
3z = 422 + 3% — 2z and express its equation in polar
co-ordinates.

[M] 22: Sketch the surfaces given parametrically as fol-
lows and use plot3d in Maple; or splot with set
parametric in Gnuplot, to check your answers.

i) (z,y,2) = (cosusinv,sinusinv,cosv), 0 <
u<2m, 0<v<7/2

i) (z,y,2) = (cosucoshv, sinucoshwv, sinhv),
0<u<2mveR.
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i)
z = (2+vsin(u/2)) cosu
y = (2+ vsin(u/2)) sinu
z = vcos(u/2)
for0<u<2m —1<v<1.
[Hints: Let (r,0) be polar coordinates in the

Answers to problems

Al: (1,1) and (4,4).

A3: webnotes' Ad4: i) 1/5(-3/v2,3/v2,4),
(3/v2,3/vV2,m) + X(-3/v2,3/V2,4). ii)
(1,2,3)/v14, (1,1,1) + X\(1,2,3).  AS5: i) ii) (0,0),
™/2; (2,0), cos™!(.8). iil) (3/4,—-1/4), (3/4,1/4)
iv) (=1/4,3/4), (—1/4,-3/4). AT7: webnotes?

A9: i) (3,-8), (0,0), (3,8) A10: i) Use v(t)? =
1.3 Metrics
23: i) Two metrics p and ¢ are said to be topo-

logically equivalent if and only if every p-ball
contains a d-ball and every §-ball contains a p-
ball.

ii) Two metrics p and ¢ are said to be equivalent if
and only if there are constants

C1,Co > 0
such that

c1p(x,y) <0(x,y) < c2p(x,y).

Show that equivalent metrics (as defined in the
notes) are topologically equivalent. [Note that the
converse is not true.]

[H] 24: Consider the two metrics d(x,y) = ||x — y|| and
d(x,y) =d(x,y)/(14+d(x,y)) (you may assume they
are metrics).

i) Show that d and ¢ are not equivalent.

ii) Show that for any r > 0 there is R > 0 such
that
By(x,7r) C Bs(x, R).

iii) Show that for any 0 < R < 1 thereis r >0
such that

Bé(xv R) - Bd(X7 7”).

TUTORIAL PROBLEMS

xy-plane, so that points in R® are described
by cylindrical coordinates (r,6,z). Show that
the intersection of the surface with the half-
plane 6 = wg is the curve (r,0,2) = (2 +
vsin(ug/2), ug, v cos(ug/2)), —1 < v < 1. Ver-
ify that this is a line segment and work out how
its position changes as ug varies from 0 to 27.]

lo(®)]? = v(t) - v(t). i) F(t) - v(t) = mv'(t) - v(t) =
(Ar(t) xv(t))-v(t) =0. ALT: i) paraboloid ii) cone
iii) sphere iv) cylinder iv) hyperb0101d V) hyperb0101d
of 2 sheets. A18: (ii) circle z = a, 22 +y? = a2, (iii)
disc 22432 < a® A19: r(t) = (cost,sint, £sint); el-
lipse; circle r(t) = (cost,sin¢,0). A20: iii) a > 1/3
A21: r =2cos6,0<0 <27

iv) Are the metrics 6 and d topologically equiv-
alent (topological equivalence is defined in the
previous question).

[H] 25: i) Let d be the usual distance function on R™
(i.e. d2) and let dy, be defined by do (2, y) =
max{ |1 —v1|,--.,|Tn —Yn| }. Show that d and
do are equivalent metrics on R™ by showing

that

doo(z,y) <

for all x, y € R".

d(z,y) < Vnds(x,y)

ii) Suppose that f : R™ — R™ has component
functions f; : R™ — R fori =1, ..., n and that
file) > b;asx — a fori=1, ..., n. Prove,
from the definition of limits, that f(x) — b as
x — a. [Hint: Use d instead of d.]

iii) Show that if d,, is defined for positive integers

p by
1
dp(@.y) = (Jan =P + o+l = 9al?)
then d,(x,y) — dwo(®,y) as p — oco. [This

is a slight generalisation of a problem in the
MATH1231/1241 problem booklet which asks
you to find the limit as n — oo of (a™ + b")/"
when a > b > 0.]

i) webnotes® ii) webnotes?

lhttp://web.maths.unsw.edu.au/~potapov/2111_2015/Week-1-Lecture-1.html#g_t_0060_0060ABC_0027_

0027-curve-in-gnuplot-_0028video_0029

2http://web.maths.unsw.edu.au/~potapov/2111_2015/Algebraic-properties-of-derivative-of-curve.html
Shttp://web.maths.unsw.edu.au/~potapov/2111_2015/Metrics-and-equivalence-theorem.html
4http://web.maths.unsw.edu.au/~potapov/2111_2015/Furtherfproperties-of-limits-of-vector-map.html
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http://web.maths.unsw.edu.au/~potapov/2111_2015/Week-1-Lecture-1.html#g_t_0060_0060ABC_0027_0027-curve-in-gnuplot-_0028video_0029
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2 Open and Closed subsets; Limits

TUTORIAL PROBLEMS

[M] — Maple/Gnuplot; [A] — additional/optional problems; [H| — harder problems.

2.1 Open and Closed subsets of R"

In this subsection, you are only allowed to use definitions of open and closed sets and definition of the boundary of

a set.

26: Show that
1) [a,b] is closed, a,b € R;
2) (a,b) is open, a,b € R;

3) 0 is open and close;

5) [a,b) is neither closed nor open, a,b € R;

6

)
) 0i

4) R is open and close;
)
) Q is neither closed nor open;
7)

{k Ve ke Zk # O} is neither open nor
closed;
8) The open ball B(x,¢) is open.
27: Determine whether or not the set

{(mfl,rfl): m,n € Z, m,n>0}

2.2 Limits

31: Use definition of the limit to show that
r+1 3

1) :c1~>2{1:+2 4

.. . o+ 22+ 2+t
ii) lim R =
(z,y)—(0,0) x4ty

32: Show that the following limits do not exist
. Y
s L

(z,y)—(0,0) 27 + ¥

.1322/

lim 4
(@y)—(0,0) 2t + 32

i)

ii)

33: For the limits below give two proofs: one using
pinching principle and one using the definition of the
limit directly

3

. ) ;

i (@) (0,0) T2 + 32

L 2Py ety

ii) lim ————— =
(zy)—=(0,0) 22432

is closed.

28: Let
Q= {(amy) GRQ:w—i—y#O}.

Show that €2 is an open subset of R2.

[A] 29: i) If Q; and Qo are open sets in R™, show

that Q1 N Qs and Q4 U Q5 are open.

i) If 1 and Qs are closed sets in R™, show that
Q1 N Qy and Q27 U Ny are closed.

30: Show that every point (0,a) with |a| < 1 is the
boundary point of the set

S = {(x,y) ER?:2>0, y= sin(l/x)}.

34: Let

flz,y) = i;z

Show that

x—0 y—0 Lx—0

lim [hm f(, y)} —1 and lim [hm f(z, y)} 1.

Show also that

lim T,
(z,y)—>(070)f( 2
does not exist.
35: Let
w2y?
R PR
Show that

lim [hm f(z, y)} = lim [hm f(a, y)] 0.

x—0 |y—0 y—0 Lz—0
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Show also that

f(z,y)

lim
(x,9)—(0,0)

does not exist.

36: Let
11
flay) = (@) sinsin o #0, y#0

and
flz,y) =0, =0o0ry=0.

Show that neither
lim f(z,y), @0 nor lim f(z,y), y £ 0
y—0 z—0

exist. Also, use pinching principle to show that

lim xz,y) =0.
(Ly)%(oao)f( v)

2.3 Limits and Taylor expansions

TUTORIAL PROBLEMS

37: Use pinching principle to show that

zy(x+y) _
(2,9)—(0,0) 2 — zy + y?

Hint: Prove first that

Ly

m <1, V(z,y) #0.

38: Use pinching principle to show that

ry(z +y)
(z,4)—(0,0) 22+ 12

Hint: Prove first that

2yl 1
224 y2 — 2

In the following questions you are allowed to use the known Taylor expansions below. In the expansions below the
function e(x) different from one expansion to another and is such that

e(x) :

z—0

Taylor expansions

lim e(z) =0

72 n n zk
em:1+x+~5+n”+—7+x%@ﬂZZ;ET+f%@)

: a® + + ( l)k gl + 2n+1 ( ) - ( ) I2k+1 4 2n+1 ( )
sinz=2— —+...+(-1)—— + """ e(x) = - " e(x
31 2n + 1) 2 2k 1 1)

23 p2n+1 n 2kt

. h — s o 2n+1 _ 2n+1
sinhax =z + 30 +... 4 s +x () 2 2k 1)1 +x e(x)
‘T2 n x2n 2n - k $2k 2n
cosz=1-— 5 het (—-1) @) +27"e(z) = k:()(_l) k) +2*"e(x)

.')32 xQn on n .’172k on
cosh:czl—i—?—l—...—&—@n)l—i—x e():k_O(Qk)!—i—x e(x)
In(l+z)=x2— x—Q -+ (—1)"‘1ﬁ +z"e(x) = i(—l)k"’lﬁ + z"e(x)

5T - 2 =
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TUTORIAL PROBLEMS

1+x)*=14azx+...+ (Z)m" +az"e(x) = ki(i) ¥ 4 2"e(x)

0

39: Prove that

lim sin(zy) =a.
(@.y)—=(0,0) T
40: Find
1 — cos(zy)

im 5
(z,y)—(a,0) Y
Answers to problems

A26: Direct argument for part (8) is given in
these webnotes®. A34: See these webnotes® for an
idea how to show that a limit does not exist A35:
See answer to Problem 34 A36: See these webnotes”

2.4 Limits and metrics

43: For k> 1 let

o (31 242
P\ kr3 k13 )

and let
x = (3,2).

2.5 Limits and continuity

[H] 44: Show (by €, 0 argument) that the following func-
tion is continuous at (0,0):

x4+y4
flag) = ey 9 F 00

Hint: These webnotes® have a similar argument.
45: If

sin(x? + y?)

) = T3, 2 ) 07 0 )

fla) = 2 ) £ 0,0

how must f(0,0) be defined so as to make f contin-

(a):ﬁa—s—l—l:ax(a—l)x...x(a—k—i—l)

k k!
s=1
41: Find
In(1 + zy)
im —
(z,9)—(a,0) Y
42: Find

(x<+_y)2/3 __y2/3
1m .
(z,y)—(0,a) T

with an example of argument showing that limit ex-
ists A3T: See the answer to Problem 36 A38: See
the answer to Problem 36 A38: See the answer to
Problem 36

i) Calculate da(xk, ) and doo (g, ).

ii) Fix € > 0. Find a K such that for all k¥ > K,
do(x, ) < e. Do the same for do, in place of
da.

iii) Does @), — x as k — oo?

uous at the origin? Hint:

sina
-1

<la®, a€R.
a

You do not need to prove this inequality.

46: Let

f(xay) = #b? ($7y) 7& (070)

By considering appropriate curves which approach
(0,0) (or otherwise), show that there is no value of
£(0,0) which makes the function f continuous at the
origin.

Shttp://web.maths.unsw.edu.au/~potapov/2111_2015/A-ball-is-open-subset.html
Shttp://web.maths.unsw.edu.au/~potapov/2111_2015/Limit-by-sequences-_002d_002d-Example.html
"http://web.maths.unsw.edu.au/~potapov/2111_2015/Example-of-1limit-of-vector-map.html
8http://web.maths.unsw.edu.au/~potapov/2111_2015/Example-of-1limit-of-vector-map.html
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See these webnotes” [H] 48: Suppose f: R™ — R is such that the sets
47: For each of the following functions f : R — R, n .
find an open set U in R such that f~*(U) is not open. {m €R": f(z) > d}
. . and
= > .
i) f(x) =1 for z > 0 and 0 otherwise {w ER™: f(z) < d}
ii) f(x) =1/x for x > 0 and 0 otherwise. are open for every d € R. Prove that f is continuous.

3 Continuous maps and classes of subsets

[M] — Maple/Gnuplot; [A] — additional /optional problems; [H] — harder problems.

3.1 Open and closed subsets

You are allowed to use Problem 50 to prove your answer to other problems in this subsection. Also, you are allowed
to use the fact that an interval (and a disjoint union of intervals) in R! is open (closed, respectively) if and only if
it does not contain its end points (contains all of its end points, respectively).

49: Prove that, for any subsets U,V € R™ and every 52: For each set 2 below show that (2 is neither open
map nor closed. Do so, by finding f~1(£2) for the func-
f:R"— R™, tion f provided. Find suitable function f if no func-
N e c _ c tion is given.
) U0 = (1) &
i) O UV = U U UV, i) f:R—=R? f(z)=(z,0),

iii) fTHU)NFHV) = f7HUNY).

{(x,y) ER?:0<a?+9? < 1}.
[A] 50: Let f be a function from R™ to R™.

i) Prove that f is continuous on R™ if and only ii) f:R—R?, f(z) = (z,1)
if f~1(U) is open in R™ for all open sets U in
R™. {(x,y)GRQ: O§x2fy2<1}.
ii) Use the part i) of Question 49 and deduce
that f is continuous on R™ if and only if f~1(U) iii)
is closed in R™ for all closed sets U in R™.
3. /2 2
51: Decide whether each of the following subsets is {(a@y, z) eR%: YTz < 1}'
open or closed. Prove your answer.
) 53: Determine the interior and boundary of the set
2. .2 .2
{(Ly)eR Doat -y <1}~ {(x,y)ERQ: 0<x2+y2<1}.

ii
) [H] 54: Show that a subset S of R™ is closed if and only

2. 2, .2
{(xv y)eR:0<a”+y <1 } if it contains all its boundary points.

iii) 55: For the following sets S determine:
{(a:,y) ER*: ¥y’ > 1}' i) the boundary of S
iv) ii) the interior of S
{(95797 2)eR: Vat+y? <z < 1}- iii) whether S is open, closed or neither.

mttp://web.maths.unsw.edu.au/~potapov/2111_2015/Limit-by-sequences-_002d_002d-Example.html
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i) Sz{(x,y)ERz: x2—y2<1}.
ii) S:{(x,y)ERQ: x2—y221}.

i) S = {(:L’,y,z) ER3: a2 4+y2<z2< 1}.

3.2 Bounded and path-connected subsets

56: Decide whether the subsets of Question 51 are
bounded or unbounded. Prove your answer.

57: Decide whether the following subsets are path-
connected or not path-connected. Prove your an-
swer. You allowed to use both the definition of path-
connected subsets, IVT, Problem 58 and polar coor-
dinates:

T =17rCcost,
y =rsint

3.3 Continuous maps and subsets
[A] 58: Let f: Q C R" — R™ be continuous. Prove that
i) K C Qand K is compact = f(K) is compact.

ii) B C Q and B is path connected = f(B) is
path connected.

59: Consider

S1 = {(a:,y) cR? .

$o={(wy) eR : ;<
Q= {(m,y) €eR? : i <a+9? xy> 0}
Is there a continuous function f : R? — R? such that
) £(Sy) = Sy
i) £(Sh) = $17
iii) £(Q) = 527
iv) f(Q) =517
v) £(S2) = Q?
vi) £(51) = Q7

TUTORIAL PROBLEMS

1
<O< lz] <1, y:sinf) or
x

(:1:: ,—1§y§1)}.

{(m,y) €ER?: z€ab], ye [qd]}.
i)
{(x,y)€R2zé<x2+y2<1}.
iii)

1
{(x,y)6R2:§<x2+y2<1andxy>0},

Hint: Consider using polar and inverse polar map to
reduce the problem to one-dimension and map the
radius component only.

[H] 60: In the context of Problem 59, consider the sub-
sets

51:{(x,y)eR2 : x2+y2§1}
SQ:{(x,y)GRz : x2+y2<1}
Q=R

Is it possible to use the polar and inverse polar maps
in this case?

[H] 61: Define f: R? — R? by
flx,y) = (2* —y* z+y+1).
Find the images of the following sets under f.
i) {(z,y)
i) {(z,y) : 0<z<1, 0<y <1}
i) {(z,y) : y = —a}.

Hint: Map boundary first. In case of part (iii), find
the image of the straight lines x + y = a with a > 0.

ca >0, y >0}
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Answers to problems

A50: Part i) proved in these webnotes'® A52:
Argument for (i) is explained in these webnotes'!;
Also, if you are interested in the direct, based on
definition only, argument for (i), look at these web-

3.4 Properties of continuous functions

[H] 62: (Algebra of continuous functions)
i) For two functions continuous on 2
f:QCR*" >R and g¢g:QCR" =R,

prove that f + ¢, fg and f/g are continuous.
[The domain of f/g must exclude points where

9(x) = 0]
ii) For two continuous functions
ffR" R and ¢g:QCR"—R™

prove that f o g is continuous where it makes
sense.

These webnotes'* present a similar argument for
limits
[H] 63: Suppose that £ : € R” — R™ and xq € Q.
Prove that the following are equivalent

i) f is continuous at x¢ € .

ii) Ve > 0, 30 > 0 such that for x € Q,
d(x,x0) <6 = d(f(x),f(x0)) <€,
i.e.

X € B(xp,0) = f(x) € B(f(xo),€).

iii) V sequences {xy} in  with limit xo, {f(xx)}
converges to f(xg).

TUTORIAL PROBLEMS

notesm;

A53: These webnotes™ have possible solution
A55: 1) open. ii) closed. iii) closed. iv) closed.

iv) f(xo) is an interior point of f(2) = xq is
an interior point of Q.
ii) see definition of limit in these webnotes'® iii)
See connection between limit and sequences in these
webnotes'® iv) Use Question 50
See these webnotes!'” for the proof

64: For each of the sets in question 55 determine
whether they are bounded, compact, and/or path
connected.

i) connected. 1ii) none. iii) bounded, compact,
path connected. iv) bounded, compact, not path con-
nected!

65: Let
Xi={(x,y) : 0<2<1,0<y<1}
Xo={(x,y) : 2® +9° < 1}
X3 ={(z,y) : 2> <y?* <1}
Xy =A{(z,y) : >0, y 20}

For each pair i # j, decide whether there is any con-
tinuous function f;; which maps X; onto X;. (A
formula for f;; is not required if you can describe
the action of the function.) These webnotes'® show a
similar example with detailed argument.

X, can’t be mapped onto any of the other sets;
X5 can be mapped onto X1, X4; X3 onto all of the
others; X4 onto X1, Xs.

10http:
Hhttp:
12http:
13http:
14http:
15http:
16http:
17http:
18http:

//web

//veb
//web
//web
//web

//veb
//web

.maths.
//web.
.maths.
.maths.
.maths.
.maths.
//web.
.maths.
.maths.

maths.

maths.

unsw.
unsw.
unsw.
unsw.
unsw.
unsw.
unsw.
unsw.
unsw.

edu.

edu

edu.
edu.

edu
edu

edu.

au/~potapov/2111_2015/Continuity-via-preimage.html

.au/~potapov/2111_2015/Continuity-via-preimage-_002d_002d-Examples.html
edu.

au/~potapov/2111_2015/Non_002dtrivial-example-of-open-subset.html
au/~potapov/2111_2015/0pen-and-closed-subsets-under-set-operations.html

au/~potapov/2111_2015/Week-1-Lecture-1.html#index-Theorem_002c-algebraic-properties-of-continuous-cu:
.au/~potapov/2111_2015/Limit-of-vector-map.html

.au/~potapov/2111_2015/Limit-of-vector-map-via-sequences.html
edu.

au/~potapov/2111_2015/Image-of-path_002dconnected_002fcompact-subsets.html
au/~potapov/2111_2015/Image-of-path_002dconnected_002fcompact-subsets.html#
Examples-of-usage-of-the-theorem
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4 Differentiation
4.1 Partial derivatives and Jacobians

66: Find all first and second order partial derivatives

for the function
2z =a% + 15 — 323>,

67: Let f: R?> = R be defined by

W@ V)it () # (0,0),

fly) =49 @ +y?)
0 otherwise.
i) Calculate
o1 and or
ox dy

first for (x,y) # (0,0) (you can use Maple if you
like) and then for (z,y) = (0, 0).

ii) Show that

92 f 82 f

0,0 0,0).
8z6‘y( 0) # ayaz( ,0)
Discuss!
68: Let
2xy .
, if (x, 0,0
flwy) = x2+y2 (z,y) # (0,0)
0, otherwise

Does the derivative
0% f
——(0,0
8x8y( )

4.2 Definition of differentiability, properties

72: If f : R" — R and a € R™, show that there
cannot be two different linear functions

/:R" =R
satisfying

fla+x)— fla) - l(z)

]

73: Let f : R3 — R be defined by

—0 as x—0.

f(x,y,2) = xy +yz + 2.

Show, using the definition of differentiability (see
these webnotes'?), that f is differentiable at the point
(1,1,1).

TUTORIAL PROBLEMS

exist?

0
69: Find 8—5(1,;@ for the function

flz,y) = e + (lnx)x
tan~! {taurf1 (sin [cos(zy) — In(z + y)] )} .

70: Find a general formula for the Jacobian matrix
of the function f: R? — R? defined by

Ty sin z
fla,y,2) = | aycosz
x? oy + 27
and find its value at the point (2, 1,0).

71: Verify that the equation
J(f-9)=g" xJf+f" xJg
holds in the case where

f,g:R" > R".

74: Let
flz,y) = Yy, z,yeR.
Find
f2(0,0) and f,(0,0).
Is this function differentiable at (0,0)?
75: Let

flzy) =23+ 93, z,yeR

Find
f2(0,0) and f£,(0,0).
Is this function differentiable at (0,0)?

Ohttp://web.maths.unsw.edu.au/~potapov/2111_2015/Differentiability-of-vector-map.html
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76: Let
. 2 2
sin (z° + vy .
.17(2 T y2 )7 if (-%',y) 7& (O?O)

, otherwise

f(z,y)
1

Find
f2(0,0) and f,(0,0)
and show that this function is differentiable at (0, 0).

77: For a differentiable function f : R?> — R and a
point (zo,yo) € R? define

Af = f(z,y) — f(x0,y0)
and define
Ar =z —x9 and Ay =y — .

Define also

of
—Ay.
dy Y

_of

A
or vt

df

4.3 Best affine approximations

79: What is the best affine approximation to the
function f :R? — R?

— eajyz
flx,y) = 22 — 3z + 42
at the point (1,—1).

80: When two resistances r; and ry are connected in
parallel, the total resistance R (measured in ohms) is
given by:

i_1. 1
R - T1 ’/‘2.
2
i) Show that ok = R—Q
ory i

4.4 Chain Rule, First order

82: Let f: R*" - R™ and g : R — RP and h =
gof :R" — RP and let a € R™. For each of the
examples below find the left hand side and the right
hand side of the chain rule identity:

Jah = Jp(g X Jaf.

12

TUTORIAL PROBLEMS

In many problems, the value of Af is approximated
by the value of df. This explained by the fact that

lim
(z,y)—(x0,0)

IAf —df| = 0.

Prove the limit above.

78: Let
__ 1 i
f(.r7 y) — eXp ( 12+y2) 9 lf (‘T7 y). # (07 O)
0, otherwise
Find

f(0,0) and f,(0,0)

and show that this function is differentiable at (0, 0).
Hint: Use the fact that exponential function decays
faster than any power function, i.e., for every inte-
ger n € N, there is a constant B,, > 0 such that

0<exp(—a~') < B,a", Vae(0,1).

You do not need to prove this inequality.

ii) Use the best affine approzimation of func-
tion R(r1,72), to estimate the maximum pos-
sible error in the calculated value of R if the
measured values of r; and r9 are r{ = 6 = 0.1
ohms and r9 = 9 £ 0.03 ohms

81: The specific gravity J of a solid heavier than wa-
ter is given by

4

W =W

where W and W are its weight in air and water re-
spectively. W and W; are observed to by 17.2 and
9.7 gm. Use the best affine approzimation of func-
tion §(W, W1) to estimate the maximum possible er-
ror in the calculated value of § due to an error of 0.05
gm in each observation.

)
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22 — 42
f@y,2)=| 2zy |,
z
(u,v,w) = utw?
g ) ) - u/w )
a=(21,2).
i)
x2 +y
f(l'vy) |:.T—2y2 ’
2u+wv
glu,v) = | sinu |,
u—+ 202
a=(1,1);

iii)
g(x,y) = Va2 +y?

est
fls,t) = [1 + 52 Cost] ’

a = (1,0).
iv)
glz,y) =",

s = [y o).

tsint

IV

4.5 Directional derivatives

86: Let f: R?2 — R be defined by

2

4y if (z,y) # (0,0),

0 otherwise.

flx,y) =

Show that for all unit vectors u the directional deriva-
tive of f at the origin in the direction u does exist,
but f is discontinuous at (0, 0). Show that there is no
plane which contains all the lines which are tangent
to the surface z = f(x,y) at (0,0,0).

87: For each of the following scalar fields
a) find Vf

13

TUTORIAL PROBLEMS

83: A function f(x,y) is said to be homogeneous of
degree m if f(tx,ty) = t"™ f(x,y) for every real num-
ber ¢ > 0. Euler’s theorem states that if f is homo-
geneous of degree m and if all its partial derivatives
of first order exist and continuous then

of af
x%—’—y@ =mf(z,y).
i) Verify Euler’s theorem for
f(a,y) = A2® + Bay + Cy?

and for

gle,y) =tan L 220,
xr

ii) Prove Euler’s theorem.

iii) Generalise the theorem and prove your gen-
eralisation.

84: Suppose that f: R — R is differentiable and
_ Y 2
z—xy—l—f(;), (z,y) e R*, z #0.

Show that z satisfies the partial differential equation

85: Find Jw/0t if
w = f(z,y,2)
and

x=g(s,t), y=nh(st) and z=k(s,t).

b) graph some level curves f(z,y) = constant,

¢) indicate V f at some points by arrows on these
curves.

i) flz,y) =y
ii) f(a,y) =2"+y°
Y
i) f(z,y) = ok
88: Let r=xi+yj+zkandr=|r|].

1 _
i) Prove that Vr = T and v (> = —;
r r r
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1
ii) Calculate V(cosr), V ( ogr).

r
iii) Prove that Vr" = nr"=2p,

89: In each case find V f at the point P and use it to
find the directional derivative of f at P in the direc-
tion of w.

i) f(z,y) = 132° 4+ 7oy + 2y, P = (-1,1),

v =5t +12j.
ii) f(xa%z) = .’[7(.%‘2 +y2 +Z2)7 P = (1a27_1)7
v=1+7j+k.

90: Suppose f(z,y) is a differentiable function, which
has, at the point , directional derivative 1/1/2 in the
direction (1,1) and directional derivative 1/5 in the
direction (3,4). Find V f(x).

91: A bushwalker is climbing a mountain, of which
the equation is h(z, y) = 400— (2% +4y?)/10000. Here
xz, y and h are measured in metres, the x-axis points
East and the y-axis points North. The bushwalker is
at a point P, 1600 metres West and 400 metres South
of the peak.

i) What is the slope of the mountain at P in the
direction of the peak?

ii) In which direction at P is the slope greatest?

92: The electrical potential V' is given by V(x,y, z) =
% — TY + TYZ.

i) Find the rate of change of the potential V'
at (1,1,1) in the direction of the vector v =
i—j+ k.

ii) In which direction(s) does V' change most
rapidly at (1,1,1)7

iii) What is the maximum rate of change of V'
at (1,1,1)7
93: Skier is on a mountain described by the equa-
tion h(z,y) = 2000 — 2%/10% — y2/10% at the point
(100,1). He skis down the mountain, always moving
in the direction of steepest descent.

4.6 Chain rule, Second order

97: Find
0%z & 0%z

or2’ 9s2’ Ords

in terms of fy, fy and fra, foy and fyy, if 2 = f(z,9)
and x =3r+sand y =r —s.

TUTORIAL PROBLEMS

i) In what direction does he start moving?

ii) Describe the curve along which he skis. [You
will need to solve a separable first order ODE.]

94: Use the definition of directional derivative to
compute the directional derivative for f at the point
P in the direction wu.

l) f(zvy) = 2 - ‘T2/2 - yZa P = (1’1/\@)7
= (1/v2,~1/v2);

11) f(l',y) - SiH(ZL’Q 7y2)a P = (71—77(), u= (130)§

[H] 95: Let
uj, Ug,u3 € RS

be an orthonormal system and let
f:R3—R

be differentiable. Prove that
of \2 2 2
LN (05N, (01 _
ouy duy Ous
9F\2 9F\ 2 2
AN AN
ox Jy 0z

[H] 96: i) Let u be a unit vector. Prove that
*f _ 1
W =u Hu,

where H is the Hessian of f.
ii) Let
up, ug,ug € R3
be an orthonormal system and let
f:RP—=R
be twice differentiable. Prove that

of o of_or 0 0
ou? = Oui  oui 022 Oy 0227

[H] 98: Let
f=flx,y), z,yeR

and let

x=rcosf and y =rsind.

14
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Find ii) Show that

or and or

or 90" 9 )
i 97z 2 9y O°f
in terms of = (2" —y7)

of d af Oudv 0x0y

Zoand 2L

or ™™ oy (P Pr_or | of
and vice versa. y oy?  0x2 v oy’

[H] 99: Let
f=Ff(zy), v,yeR 102: If g(t) = f(=x,y,t) where z = cost and y = sinft,
and let express the derivative of g in terms of the partial
r=rcosf and y=rsinf. derivatives of f.

i) Find 103: If g(u,v) = f(x,u,v) where z is a function of u
& o f and ai and v, express 29 in terms of the partial derivatives
or2’ 9rof 90 Ou

. of f and z.
in terms of
104: Given that
9 2
—f, o7 and g
Ox’ Oxdy dy

u= f(z+ct)+ gz —ct),

ii) Find the converse relation.

where f, g are twice-differentiable functions of one
variable and c is a constant, show that u satisfies the
wave equation

Af = foa+ Fuy Pu _ 2 0%
o2 ox?’

[H] 100: Use computations of Question 99 to compute
the Laplacian operator

in polar coordinates

x=rcosf and y=rsind. 105: A function f of two variables is called harmonic
if it satisfies Laplace’s equation

101: Let z = f(x,y) and * = e*cosv and y =

e"sinv and f have continuous second-order partial 0% f  0%*f

derivatives. o9x2 | oy 0.

i) Show that
Show that if f(z,y) is harmonic then

822 282f 32f 282f
R R T S = 42, 22)
of of
+ xa? Ty oy’ is also harmonic.
Answers to problems
A66: 0z/0x = ba* —92%y3, 02/0y = 5y* —923y?, ysinz xsinz xycosz
0%2/0x% = 202% — 18xy3, 0%2/0z0y = —272%y2, A7T0: J.f = |ycosz xcosz —zxysinz|,
0%z/0y? = 20y> — 18x3y.  A67: See these web- 2x 2y 2z
notes?’ for solution A68: No A69: 0. 0 0 2
Joof = (1 2 0. A74: f, =0, f, =0; f
4 2 0

is not differentiable, see these webnotes?! for solution

20nttp://web.maths.unsw.edu.au/~potapov/2111_2015/Clariaut-Theorem.html
2lhttp://web.maths.unsw.edu.au/~potapov/2111_2015/Differentiability-Example-II.html
22http://web.maths.unsw.edu.au/~potapov/2111_2015/Differentiability-Example-III.html
23http://web.maths.unsw.edu.au/~potapov/2111_2015/Differentiability-of-vector-map.html
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A75: f, =1, f, = 1; f is not differentiable, see
these webnotes?? for solution

A76: f, =0, f, = 0; see these webnotes®® for
solution

AT8: f, =0, f, = 0; see these webnotes®" for

solution
e e 2| |z—1
e R e vy

AT9:

AS80: ii) .0408

A81: 0.024

A85: fogi + fyhe + foke.  A8T: i) yi+ 23,
2z +2yj, —2y/x3i+1/2%5. AS88: i) —(sinr/r)r,
[(1-logr)/r]r. A89: i) —155/13,ii) 10/v/3. A90:
(3,—2). A91: i) 8/5v/17, ii) North East.

A92: 1) /3, i) £(24 + k), iii) V5.

=}

TUTORIAL PROBLEMS

A93: i) 24+ 4, ii) y = exp [—2.5 % 10% /22 + 25]
A94: i) 1— %, ii) 2.

A95: See these webnotes? for solution A98:
see these webnotes?® for solution; see these web-
notes?” for alternative solution A99: (i) 92f/or? =
082 0 frr +sin 20 fo, + sin? § fyy,

9%f/00% = r%(sin® 0 f,, — sin20 f, + cos?0 fy,) —
r(cosf fy +sinb f,),

O?f/oro8 = r/2sin20(fyy — fox) + 70820 fry —
sinf f, + cos® fy; see these webnotes® for solution
A100: Af = frr+ T%fgg + %f,,; see these webnotes??
for solution A102: dg/dt = —sint Of/dx + cost
of /0y + of/ot. A103: 9g/du = df/Ox dx/Ou +
af /ou.

5 Taylor series, tangent planes, local and global extrema, Lagrange

multipliers

[M] — Maple/Gnuplot; [A] — additional/optional problems; [H] — harder problems.

5.1 Taylor series

106: Find the Taylor series, about the point (1, 1) for
fla,y) =2 +y* +ay —z —y.
What is the Taylor series for f about the point (0,0)?

107: Use a Taylor series to express

(2 +x — 2y%) + 297

5.2 Applications of the gradient

109: Show that the curve
r(t)=t*i+tj+ (5t — 4)k
is normal to the surface
220% 4 y? + 52 =8
at the point (1,1,1).

110: Find the equation for the tangent plane to the
surface
2 2 _
4y +2=9

in terms of powers of x — 1 and y + 1.
108: Without finding the partial derivatives of
flz,y) =€ cosy,

find the terms up to and including order 4 in the
Taylor series for f about (1,0).

at the point (1,1,7).

111: Given that k is a positive real number, find the
equation of the tangent plane to the surface

VI + Y+ vz =k,

at a general point P(a, b, ¢) lying on the surface. Show
that the sum of the intercepts of this plane on the
three coordinate axes is independent of the point P.

24http://web.maths.unsw.edu.au/~potapov/2111_2015/Differentiability-Example-IV.html
25http://web.maths.unsw.edu.au/~potapov/2111_2015/Example-of-directional-derivative.html
26nttp://web.maths.unsw.edu.au/~potapov/2111_2015/f_005fx-and-f_005fy-via—f_005fr-and-f_005ftheta.html
2"http://web.maths.unsw.edu.au/~potapov/2111_2015/f_005fx-and-f_005fy-via-f_005fr-and-f_005ftheta-II.html
28nttp://web.maths.unsw.edu.au/~potapov/2111_2015/f_005fxx-and-f_005fyy-via-f_005frr-and-f_005ftt-and-f_005fr.html
29http://web.maths.unsw.edu.au/~potapov/2111_2015/f_005fxx-and-f_005fyy-via-f_005frr-and-f_005ftt-and-f_005fr.html
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112: Show that the tetrahedron bounded by the co-
ordinate axes and the tangent plane at any point P
on the surface

ryz =1

has a volume which is independent of the point P.

113: Show that if f : R — R is a differentiable func-
tion then all the tangent planes to the surface

()

5.3 Absolute maximum and minimum

115: Find the greatest and the least values of the
function
_ .34 .3
z=x"+y° —3xy
on the region
{(z,y) 1 0<z <2, —2<y<2},

along with the points at which the extreme values
occur.

116: Find the greatest and the least values of the
given function on the given region and the points at
which they occur.

) z=a®+y* —ay—y—ux,
0<zx<3 and 0<y <3.

TUTORIAL PROBLEMS

meet in a point.

[H] 114: Assuming that the equation
e —y+zz=0

defines z as a function of z and y with 2(1,1) = 0 and
that this function has a Taylor series about (1, 1), find
the terms up to and including order 2 in this Taylor
series and use this to find an approximate value for z
when z = 1.01 and y = 0.9.

i) 2 =23+ y3 — 3ay,

0<z<2 and —2<y<2.

117: Find the greatest and least values of

flz,y) =a® -y
on the triangular region T" with vertices at

(0,2) and (£1,-1).

5.4 Local maximum and minimum, saddle points

118: Find and classify the critical points of the fol-
lowing functions from R? to R.

i) o3 —y3 — 22y + 4.
ii) 622 — 223 + 3y + 6xy.

i) (2% +9%)* - (2° - y?).

119: Verify that the function
flxy,z) =t +yt + 21 — dayz
has a stationary point at (1,1,1), and determine the

nature of this stationary point by computing the
eigenvalues of its Hessian matrix.

5.5 Constrained extrema and Lagrange multipliers

120: Find the maximum and minimum values of
flx,y,2) =2+ 2y — 3z
on the sphere
2?4 y% 4+ 2% = 14.
121: Find the dimensions of a rectangular box, open

at the top, which has maximum volume if the surface
area is 12 square units.

122: Prove the following inequality
T + y n < J;TL + yn ’
2 - 2

r,y >0 and n > 1.

for every

Hint: Minimise the function
flzy) =a" +y"

17
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subject to constraint
r+Yy=a.
123: Find the maximum value of
flz,y,z) =lnzx +2lny+3Ilnz
on the part of the sphere
% + y2 + 22 =72

lying in the first octant. Deduce that for any positive
real numbers a, b, ¢ we have

(a2 + 0%+ 02)3
12V3 '

124: Find the points on the curve

ab®c3 <

2 +ay+yt=2

that are closest to the origin.

125: If a > 0 and b? < ac, the equation

az?® + 2bzy +cy’ =1

TUTORIAL PROBLEMS

describes an ellipse F with centre at the origin. Show
that the formula

2
(a+c¢) £ +/(a—c)?+ 4b?

gives the distances from the origin to the nearest and
furthest points on the curve E. [Hints: First show
that if you apply the Lagrange method to A\f — g
(which is equivalent to using the usual f + Ag) then
the values of the Lagrange multipliers A for this prob-
lem are the eigenvalues of the (symmetric) matrix

a b
=[5
and hence find expressions for these As in terms of a,

b, c. Observe that if @ = (z,y) then the equation for
FE can be expressed as

T Az = 1.

Show that if  satisfies this equation and is an eigen-
vector of A then

Mele = 1]

5.6 Lagrange multipliers, two contraints, non compact

126: Prove the Holder inequality

az +by < (a? +BP)% x (29 + y1)7

where
z,y,a,b>0 and p,q>1
and
1 1
S4o =1
p q

Hint: Maximise the function
f(z,y) =az + by
subject to constraint

21+ y?=c.
Answers to problems

A106: 1+2(z—1)+2(y— 1)+ (x—1)2 + (y —
D2+ (@ =1y —1), —w—y+2> +ay+y°

A107: 3+2(x— 1)+ (z—1)>+4(z—1)(y+1) —
2(z — 1)(y + 1)2. A108: e{l +(z-1+ %(z -

18

[H] 127: A pentagon is made by putting an isosceles tri-
angle on one side of a rectangle. What dimensions
will minimise the perimeter of the pentagon for a
given area A?

128: An open-topped metal water tank with volume
2m? is to be constructed with vertical sides and a
right-angled triangle as base. What should be the di-
mensions of the base to minimise the area of metal
used?

129: Find the point closest to the origin on the in-
tersection of the planes

r+2y=12 and y+z=06.

1 1 1 1
D2 — 202 4+ 2 — 1) — “(1 — D2 + — (2 — 1)
) 1 5y + g 1 ) -l =Ny + oz 1)
— 1(3: —1)%y% + 24y4]. Al110: 2z 4+ 2y + 2z =
11. A113: The point is the origin. All4:
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ty—1)—1@-1)(y—1)— 5 (y—1)% z = —0.050375
(the correct value is z = —0.0503719....) A115: min
—8 at (0,—2), max 8 +4v/2 at (2,—+/2). A116: i)
min —1 at (1,1), max 6 at (3,0) and (0,3). ii) min
—8 at (0, —2), max 8+4+/2 at (2, —v/2). A117: min
—4 at (0,2), max 1/2 at (£3/4,—1/4). A118: i)
S.P. (0,0), max (—2/3,2/3) ii) S.P. (1,—1), min (0,0)
iif) S.P. (0,0), min (+1/v/2,0).

A119: Eigenvalues are 4, 16, 16 so (1,1,1) is
a minimum. A120: max = 14, min = —14.

TUTORIAL PROBLEMS

Al121: 2 x2x 1 r
' ' 12¢/3

(£v/2/3,£4/2/3).  A126: See these webnotes®
for solution A127: The triangle should have height
h = 1/A/(6 +3v/3) and base 2hv/3. The remaining

side of the rectangle should have length (1 + v/3)h.
A128: The base should have two sides of length
(8 +4v2)1/3. A129: (2,5,1)

A123: In Al124:

6 Implicit differentiation, Implicit and Inverse Function Theorems

6.1 Implicit differentiation
130: Assuming that the equations

2 +yu+ v+ w =0,
r+y+uwww+1=0

define x and y as differentiable functions of u, v and
w, find

oz and %y
ou ou’
wherez =1, y=—-1,u=1,v=1and w=—1.

131: Assuming that the equations

22+ y? +u? 0t =1,
2?4+ 2% —u? + 0% =1,

6.2 Inverse and implicit function theorems

133: For x € R and y > 0, let f be defined by
22 +1Iny
flea) = |50

Let xg = (1,1).

i) Show that f has a local C'! inverse near near
f(x0). Find the Jacobian matrix at f(xg) for
this local inverse.

ii) Find the best affine approximation to f -1
near f(ao). Use this to find an approximate so-
lution to the pair of equations z? 4+ Iny = 1.05,
z* 4+ 3 = 1.90.

define x and y as differentiable functions of u and v,
find (in terms of u, v, x, y) formulae for

ou’ Ou’ Ou? ou?’
132: Assuming that the equation
F(z,y,2)=0

defines z implicitly as a differentiable function of x
and y and that
F,. = Fz:m

show that

0?2z —(F.)?Fyp +2F.F,F,, —

o=z (Fm)2Fzz
or2 (F,)3 ’

134: Let f : R? — R? be defined by

3 — 2xy2}

flz,y) = [ vty

and let xg = (1,1).

i) Show that for every b in some neighbourhood
of f(xp) the non-linear system of equations
f(x) = b has a solution for « in terms of b.

ii) Is the solution in (i) unique for every b?

iii) Find the Jacobian matrix at f(x) for the
function which gives & in terms of b and use
this to find an approximate solution to the pair
of equations 23 — 2zy? = —1.01, z + y = 2.01.

3Onttp://web.maths.unsw.edu.au/~potapov/2111_2015/Holder-inequality.html
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135: For f : R? — R? defined by
e” cos
f(z,y) = [ y} :

e*siny
show that f has a local C! inverse near every point

in R? but does not have a global inverse R? — R2.

136: Show that in some neighbourhood Q of (x,y) =
(1,1) in R? the equations

r—y+2u+v+2w—-1=0,
r—2y—uw—-—w+1=0,
2 +y+(utv)w=0,

define a differentiable function f : Q — R? taking

(z,y) to (u,v,w) with f(1,1) = (1,1,-1). Find
Janf.
137: Show that in some neighbourhood of

(2,y,u,v) = (0,1,2,1) in R* the non-linear system

eV +yuv+x—3 =0,

3

Inyv + zudv — z3u = 0,

has a unique solution (az,y,u(x,y),v(x,y)) for ev-
ery (z,y) and this solution depends differentiably on
(,y). That is, show that there is a C' function
f:R? = R? so that for (z,y) near (0,1), and

() =)

Answers to problems

A130: 0, 1.

A131: —3u/z, 2u/y, —(3z% + 9u?) /23, (2y* —
4u?)/y®. A133: x =1.125, y = 0.8.

A134: (ii) there will be a unique solution near
xq, but other solutions also exist.

(iii)) = = 1.006, y = 1.004. A136:

20
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(z,y,u,v) satisfy the non-linear equations. Find the
best affine approximation to f at (0,1) and also for
its inverse and use these to find an approximate so-
lution with z = 0.01 and y = 1.05 and another one
with v = 1.99 and v = 1.05.

138: This question is about whether or not the equa-
tions

zyt + sinzyt = 0,
r+y+t=0,

define z and y as functions of t.

i) Show that the equations do define z and y
uniquely as differentiable functions of ¢ near

(x,y,t) = (0,1,-1).

ii) Show that the assumptions of the Implicit
Function Theorem are not satisfied at (z,y,t) =
(0,0,0).

iii)* To confirm that there is no neighbourhood
of (0,0,0) in which the equations define  and y
uniquely as functions of ¢, find two straight lines
through the origin in (x, y, t)-space on which all
points satisfy the given equations.

1 -5 12
19 —15]. A137: (0.01,1.05,2.13,0.87),
31-1 -3
(—0.01/13,12.43/13,1.99,1.05). A138: The lines
(z,y,t) = X1,0,—-1), A € R, and (z,y,t) =

A0,1,—1), A€ R.
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7 Integration
7.1 Double integrals, definition

139: Let R be the rectangle
{(x,y): 0<z<1, 0§y§2}
and P, be the partition of [0, 1] given by

P,L:{S: ogkgn}

7.2 Double integrals via repeated integrals

140: Evaluate the integral of f(x,y) = zy over the
region bounded by the z-axis, the line x = 2a and
the parabola 22 = 4ay.

141: For each of the following integrals, sketch the
region of integration, reverse the order of integration
and evaluate the integral.

w/2 pw/2 o
i) / / Y e dy,
0 Y €

7.3 'Triple integrals via repated integrals

142: Evaluate

1 11—z l—z—y
/ / / dzdydx
0 0 0

and interpret the answer as a volume. More gener-
ally, find the volume of the tetrahedron bounded by
the planes

£+y+i:17 z=0,y=0, z=0.
a b ¢

7.4 Leibniz’ rule

145: Given that

T dx w
= L t> 1,
o t—cosx 2 -1
evaluate
/’T dx
o (2—cosz)?’
146: i) Show that if x(t) satisfies the integral

21
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and let Q,, be the partition of [0,2] given by

Q. ={%.

ogkgm}.
n

Calculate the Riemann sum for f(z,y) = zy? with
respect to these partitions, using the lower left cor-
ner of each sub-rectangle as the point at which f is
evaluated. Find the limit of this Riemann sum as
n — oo

1,1 A
ii) / / % dy dx, where A > 0,
0 z T 4’y
1 z'/3
iii) / / V1—ytdydz,
0 T

iv) /12/:3\/Mdydx+/28/jmczydx.

143: Evaluate

/// z? dr dydz,
s

where S is the region bounded by
4’ +y* =4, z+x=2 and 2=0.

144: Find the volume of the region enclosed be-
tween the parabolic cylinder z = y? and the elliptic
paraboloid z = 16 — 422 — y2.

equation

m(t):a—i—bt—i—/o (t —s)f(x(s))ds

then z(t) is a solution to the initial value prob-
lem

a”(t) = f(a(t))
for ¢ > 0, with z(0) = a, 2'(0) = b.
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ii) Prove the converse of the result in part (i).
[Hint: You will need to do a change of order of
integration in a double integral.]

147: i) Prove that if the mixed derivatives fg,
and fy, are continuous then they are equal.
Hint: Use Leibniz’ rule and both versions of
the Fundamental Theorem of Calculus to find

c’)y@ /fymtdt

in two different ways.

ii) Re-examine your proof in part (i) to confirm
that to prove f,, exists and equals f,; on

= [a,b] X [¢,d]

7.5 Double integrals in polar coordinates

148: Use polar co-ordinates to evaluate

V2y—y?
/ / vVr? +y2drdy.

V2y—y?
149: A plane region R is determined by the inequal-
ities
y>0 and y > —x

22 +y? < 322 4+ y2 — 3a.

Sketch the region and find its area.
150: ) Evaluate

/ / exp(—z? — y?) dx dy.

[Hint: Evaluate

// eV 4y dy,
R

where R is a quarter circle of radius M. Then
let M — oco. Be aware that this is an improper
integral and we really should say how it is de-
fined!]

and

ii) Use the result of part (i) to evaluate

o0 2
/ e ¥ dx
0

and hence evaluate

/C><> t=1/2e=t gt
0

[H] 151: For r > 0 and n a positive integer, let V,,(r) be
the volume of the n-dimensional ball

B,(r)={zeR": x| <r}.

22
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you need only assume that f, and f,, exist and
are continuous on R and that f,(z,c) exists for

a<z<bh.

iii) Using Fubini’s theorem (as a theorem about
equality of iterated integrals with different or-
ders of integration) and both versions of the
Fundamental Theorem of Calculus, prove Leib-
niz’ Rule. Hint: Find

L[] nna] o

in two different ways.

i) Show that, for n > 3,
27 a
Va(a) = / d9/ Voo (\/ a? — r2> rdr.
0 0

ii) Assuming that V,(r) = k,r", where k, is in-
dependent of r, show that the sequence {k,}
satisfies the recurrence relation

kn = (27/n) kp—a,
for n > 3, with k&1 = 2 and ks = 7.

iii) The Gamma function is defined for real = >

0 by
I‘(x):/ t*tetdt.
0

Prove that
I(z+1) =al'(z)
and deduce that the sequence
n/2
satisfies the recurrence relation and initial con-

ditions in part (ii). [Note that I'() was evalu-
ated in the previous question.]

iv) Deduce that

ky =

n/2,.n
Ay
Vi(r) = =——, n>1,
n(r) F(%n—i—l) -
and in particular

Vaon(r) = 77”7"2”/n!

for all positive integers n.
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7.6 Cylindrical and spherical coordinates

152: Find the volume of the solid enclosed between
the spheres

22+ 92+ 22 =4 and 22 +9% + 2% =4z
153: Find the volume inside the cone
2+ 2=+/22 + 9?2

between the planes z = 0 and z = 1. [Hint: The
innermost integration should be with respect to r.]

154: A cylindrical hole 10cm long and 6cm in diame-
ter is drilled through the centre of a steel ball with the
axis of the hole being a diameter of the ball. What is
volume of steel left in the resulting solid?

155: Let a > 0. Find the volume of the region spec-
ified by

2?2+ y? <d? 22 +22<da® and ¢+ 2% <d’
156: Express as a triple integral using
i) Cartesian co-ordinates
ii) cylindrical co-ordinates
iii) spherical co-ordinates

the volume of the region above the cone
2= /22 + y2

7.7 Other changes of variable

// z2y? dzx dy,

where €)' is the bounded portion of the first quadrant
lying between the two hyperbolas

159: Evaluate

rzy=1 and zy =2
and the two straight lines
y=2z and y =4x.

160: Let Q' be the region in the first quadrant
bounded by the hyperbolas

22— =1, 22 -2%°=3

and

zy=1, xy=2.

23
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and inside the sphere
? +y? + 2% =2az, (a>0).

Evaluate the volume by spherical co-ordinates.

157: A solid occupies the region 2 bounded above
by the sphere

ey +27=9

and below by the cone

and its density function is
S(z,y,2) =24 22 + % + 22

Use spherical coordinates to find the moment of iner-
tia of this solid about the z-axis, i.e. calculate

///Q<I2 +y*)o(z,y, ) dx dy d.

158: Use spherical coordinates to find the volume en-
closed by the surface

(Va2 +y2 =12+ 22 =1.

Let
u=212>—2y* and v=uxy.

Sketch the region €' in the (x, y)-plane and the region
Q in the (u,v)-plane that corresponds to €. Hence
evaluate

// (22 — 2y?)x?y? (222 + 4y?) dx dy.
S ’

[Hint: You will not need to solve for z and y in terms
of uw and v because the Jacobian cancels with the awk-
ward factor in the integrand.]

161: Integrate the function (xy)~! over the region Q'
bounded by the four circles

> +y?=azr and 22+’ =dx

and
2 +y? =by and 2 +y% =1y,
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where
a<a and b<V.
[Hint: u = (22 + y?)/z is constant on two of the
circles.]
162: i) By means of the formula for the volume

of an m-dimensional ball, find the volume en-
closed by the hyperellipsoid

n

{a: ER™: Y (wi/a;)* =1 }

i=1
where a; >0 fori=1,2,..., n.

ii) Use spherical coordinates to evaluate

/// 2% dx dy dz,
B

7.8 Mass and centre of mass

163: A lamina is bounded by the curves
22+y?>=1 and 224+y=1

in the first quadrant. Find the mass of this lamina if

it has density 2%y gm/unit?.

164: A plane lamina is bounded by the curves

y=2> and y=2a°

in the first quadrant. Its density function is

6(z,y) = /ry.
Answers to problems

A139: 8/9

A140: a*/3. A141: i) 1ii) 7/4\ iii) 7/8 — 1/6
iv) 49/3 A142: 1/6; k<.

A143: 7. A144: 3272, A145: 21/3%/2.

A148: 32/9.

A149: 9(97 — 82 — 2)/16.
V)2, /7. A152: 107/3.

A153: 197/3. Al54:
8a3(2 — v/2). A156: 7a®.

A150: i) 7/4, i)

2567 /3. A155:
A157: 3*m(8 —
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where B is the unit ball centred at the origin
in R3. What is the value of

/// y? dx dy dz?
B

iii) A solid occupies the region  in R? enclosed
by the ellipsoid

2 2 2
(@) -
a b c
where a, b, ¢ are all positive. Find the moment

of inertia of this solid about the z-axis if the
density is a constant k, i.e. evaluate

///Q k(y* + 2%) dx dy dz.

[Hint: use the results of part (ii).]

Find its centre of mass.

165: Find the centre of mass of the region V in R3
where

2 +y?>1, 22 +9y*+22<2 and y >0,
given that the density function for the region is

3wy, 2) = (&% +43) 712

5v2)(2/5+9/7)/2 ~ 199.24. A158: 272

(7/3)In2.

A159:

A160: 28/3.

7Tn/2
L(in+1)
dckabe(b? + c2)

A161: In(a’/a)In(V' /D).

4
H?:l a;, i) both equal il

A162: i
i) 5

iii) A163: 31/480 A164:

(54/77,6/131). A165: (0,8/(3r(m —2)),0).
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